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1. Discrete element tracking (Yade): Newton’s 2nd Law: 𝑢̈ = 𝐹/𝑚	
  
2. Determination of forces (particle interactions): 
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3. Failure criteria (Scholtes and Donze 2012):
𝐹)9:; =−𝑡𝐴?)@ &  𝐹/ABC = 𝐹) tanφ + 𝑐𝐴?)@

4. Fluid coupling (Yade, Chareyre et al. 2012):
𝑮 𝑷 = 𝑬 𝑿̇ + 𝑸𝒒

5. Triangulation created using particles as nodes
6. Conductance governed by Poiseuille’s law
(Papachristos, 2017):
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7. Pressure and viscous forces on particles:
	
  𝐹4 = 𝐴4 𝑝? − 𝑝\ 𝒏 & 𝐹6@^@:_ = 𝐴` 𝑝? − 𝑝\ 𝒏
𝐹6,4 = 𝐹6,@^@:_ 𝛾 &  𝛾 = 𝐴4/𝐴@^@:_

Discrete  Element  Method

𝐴`=pore throat cross section, 𝑝 = pore pressure 𝑮 = conductance matrix, 𝑬𝑿̇ = rate of volume change, 𝑷 = pore pressures,
𝑸𝒒= source term,  𝐹 = force 𝑚 = mass, 𝑢̈ = acceleration, µμ = dynamic viscosity, 𝜐 = microscopic Poisson’s ratio, 𝑘 = stiffness
𝑡 = tensile strength,  𝐴?)@ = interaction area, 𝑐 = cohesion, 𝑘 = permeability, 𝑅?\W = hydraulic radius, ℎ = separation distance, 
∆𝐷	
  = particle overlap, 𝐴4 = area of particle on pore, 𝐹6/4 = viscous/pressure force, φ = friction angle, α = perm. coeff.



Numerical  Methods  and  
Assumptions

Model Assumptions:
• Matrix permeability – Poiseuille’s law
• Fracture permeability – parallel plate 

approximation
• Mohr-coulomb failure criteria based on 

particle size
• Broken bonds contain residual fracture 

width
• Calibrated micro-parameters yield 

emergent behaviors according to 
specified macro parameters

• 10 cm perforation depth
• Constant pressure and stress boundary 

conditions
• No vertical flow out of layer of interest

• Particle position - explicit finite difference
• Fluid flow – pore finite volume

𝜎W = 34.5 MPa 

𝜎f=36.5 MPa

𝜎g = 48.3	
  MPa



Fracture  Length



Fracture  Height



Fracture  Width

Distance between non-cohesive particles

𝑏:6o =
∑ 𝑑rR − 𝑑YR + 𝑑ZR
)
?sY

𝑛

𝑏:6o = average width
𝑑r?= distance between particle 1 and particle 2 centers 
𝑛 = number of noncohesive interactions 
𝑑YR= particle 1 radius

*

V. Šmilauer et al. (2015)



Net  Pressure

*Fracture propagation video



Leak-­off  Rate

Total flux through fracture face

𝑞 = 	
  v𝑘?(𝑝`,:xR − 𝑝9:@,?;R)
)

?sY

𝑝`,:xR = pressure in fractured pore abutting fracture face
𝑝9:@,?;R= pressure in neighbor matrix pore
𝑛 = number of fractured pores on fracture face
𝑘? = conductivity factor computed using Poiseuille’s law

*



Pore  Pressure

*Fractured cells shown in green
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*Fractured cells shown in green
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Extra  Plots  – analytical  comparison
Radius

Propagation pressure
(Perkins and Kern 1961):

Conservation of volume:

𝑉{=leak off volume, 𝑞? = injection flow rate
𝑤 = fracture width, 𝑝)5@ = net pressure, 𝐶{=leak off coeff= 1e-5 ft/ 𝑚𝑖𝑛�

𝐸′ = Young’s modulus 𝛾� = fracture energy ,𝑅 = fracture radius
*

Width of pressurized penny shaped crack
(Sneddon and Elliot 1946)

Leak off

Width


