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Abstract
2D lattice model was used to model fracture processes in concrete at the meso–level. Concrete was described as a three–phase material (aggregate, interfacial transition zone and cement
matrix). The calculations were carried out for concrete specimens subject mainly to uniaxial
extension. The effect of the aggregate density was investigated. In addition, a deterministic
size effect was studied. The advantages and disadvantages of the model were outlined.
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Introduction

Fracture process is a fundamental phenomenon in brittle materials [3]. It is a major reason of
damage in brittle materials under mechanical loading contributing to a significant degradation of the
material strength. It is highly complex due to a heterogeneous structure of brittle materials over
many different length scales, changing e.g. in concrete from the few nanometers (hydrated cement)
to the millimeters (aggregate particles). Therefore, the material heterogeneity should be taken into
account when modelling the material behavior. At the meso–level, concrete can be considered as a
three–phase material consisting of aggregate, cement matrix and interfacial transition zone (bond).
A realistic description of the fracture process is of major importance to ensure safety of the structure
and to optimize the behavior of material.
The phenomenon of the propagation of the fracture process in brittle materials can be modelled
with continuous and discrete models. Continuum models describing the mechanical behavior of
concrete were formulated within among others non–linear elasticity [24, 29, 33], rate–independent
plasticity [9, 23, 30, 31, 37], damage theory [10, 17, 19, 36], endochronic theory [4, 7], coupled damage
and plasticity [16, 22, 23] and microplane theory [6]. To model the thickness and spacing of strain
localization properly, continuum models require an extension in the form of a characteristic length.
Such an extension can by done with strain gradient [13, 32, 34–36, 51], viscous [41, 42] and non–
local terms [2, 5, 8, 38]. Other numerical technique which also enables to remedy the drawbacks of a
standard FE-method and to obtain mesh–independent results during the description of the formation
of strain localization is a strong discontinuity approach allowing a finite element with a displacement
discontinuity [1, 40, 50].
Within discrete methods, the most popular ones are: classical particle DEM [15, 18], interface
element [12] and lattice methods [21, 28, 39, 44, 48, 49].
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The lattice models are the simplest discrete models to simulate the development and propagation
of fracture in brittle materials consisting of a main crack with various branches, secondary cracks
and microcracks. They allow a straightforward implementation of the material heterogeneity which
is projected on a lattice and corresponding properties are assigned to relevant lattice elements.
The intention of the paper is to describe and to understand the mechanism of fracture in concrete
specimens during uniaxial extension. The own 2D lattice model was used. In contrast to other lattice
models [28, 39, 44, 48], a geometric type lattice model was used what is a novelty. The calculations
were performed with concrete considered as three–phase material (aggregate, cement matrix and
interfacial transition zone). Attention was paid to the effect of the aggregate density (ratio between
the number of aggregate elements and total number of elements) on the material behavior. For
comparison, the numerical experiments were also carried out with concrete specimens described
(for the sake of simplicity) as a one– and two–phase material (aggregate and cement matrix). In
addition, the deterministic (energetic) size effect was analyzed with two notched specimens of different
dimensions. The numerical results were comapared with those obtained with a conventional lattice
model [28, 39, 44, 48].

2

Model

In the case of lattice models, one can distinguish 2 quite different types. In the first type model
(used to describe the fracture process in concrete or reinforced concrete [28, 39, 44, 48]), each quasi–
brittle material is discretized as a network of two noded Bernoulli beams that transfer normal forces,
shear forces and bending moments. Fracture is simulated by performing a linear elastic analysis
up to failure under loading and removing a beam element that exceeds tensile strength. Normal
forces, shear forces and moments are calculated using a conventional simple beam theory. A special
factor α is used for varying the amount of bending. When it decreases, the compressive behavior
changes from brittle to ductile one. The stiffness matrix is constructed for the entire lattice. The
displacement vector is calculated similarly as in the conventional FEM (by multiplication of the
inverse global stiffness matrix with the load vector). The heterogeneity of the material is taken into
account by assigning different strengths to beams (using a Gaussian or Weibull distribution) or by
assuming random dimensions of beams and random geometry of the lattice mesh or by mapping of
different material properties to beams corresponding to the cement matrix, aggregate and interfacial
transition zone (Fig. 1), respectively in the case of concrete. To obtain aggregate overlay in the
lattice, a Fuller curve is usually chosen for the distribution of grains. The ratio between the beam
height and the beam length determines the Poisson’s ratio. The beam length in concrete should
min
be less than lb < dmin
is the minimum aggregate diameter). The model can identify
a /3 (where da
micro–cracking, crack branching, crack tortuosity and bridging which lead to the fracture process to
be followed until complete failure [44,49]. It enables also to capture a deterministic size effect during
tension [46, 49]. The advantages of this approach are simplicity and a direct insight in the fracture
process on the level of the micro–structure. A complex crack patterning can be reproduced. Therein
a limited number of parameters is needed. By applying an elastic–purely brittle local fracture law at
the particle level, global softening behavior is observed. The fracture process is realistically described,
in particular, when the mode I failure prevails. The disadvantages of this model are the following:
the results depend on the beam size and direction of loading, the response of the material is too
brittle (due to the assumed brittleness of single beams), the compressed beam elements overlap each
other and an big computational effort on the structure level is needed. The first disadvantage can be
removed by assuming a heterogeneous structure [39]. In turn, the second drawback can be improved
by 3D calculations and consideration of very small particles [28] which increase the amount of crack
face bridging and dissipated energy, and by applying a non–local approach in calculations of beam
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Figure 1: Lattice of beams for concrete consisting of aggregate, cement matrix and interface [44]

Figure 2: Scheme to assume a non–uniform distribution of beams in the lattice (s – size of interior squares,
rmax – maximum beam radius, a – minimum angle between two beams, g – size of triangular grid)

deformations [39]. In turn, the computational effort was significantly reduced by using a special
version of a conjugate gradient solver [39]. In this algorithm, breaking an element and thus removing
it from the lattice was a local effect, and the solution required only a few iterations. To improve the
lattice behavior in a compression a regime, aggregate interlock needs to be considered.
In the second type model (called particle model) [14, 43], the lattice struts connecting adjacent
particles transmit axial and shear forces. The struts are not removed. The shear response of struts
exhibits friction and cohesion, and the tensile and shear behavior are sensitive to the confining
pressure. Due to that the model is suitable for the failure mode I and II. The disadvantage of the
model is the fact that it uses a complex macroscopic non–linear stress–strain relationship to describe
a microscopic local behavior.
In our 2D–lattice model, the quasi–brittle material was discretized in the form of a triangular
grid including beam elements (as in the lattice model by [28, 39]). The distribution of elements was
assumed to be completely random analogously to a Voronoi’s construction scheme. First, a triangular
grid was created in the material with the side dimensions equal to g (Fig. 2). In each triangle of the
grid, additional interior squares were assumed with an area of s × s. Next, one point was selected
at random within these interior squares. Later, all points inside of squares were connected with
neighboring ones within a distance of rmax to create a non–uniform mesh of elements, where the
maximum element length was rmax (e.g. rmax = 2g), the minimum element length was rmin (e.g.
rmin = 0.1g for s = 0.6g) and the minimum angle between elements was assumed to be as α (e.g.
α = 20◦ ). A uniform triangular mesh could be obtained with parameter s = 0. Using this grid
generation method, the elements could cross each other in two dimensional calculations (similarly as
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Figure 3: General scheme to calculate displacements of elements in the lattice

in [11]) but they did not intersect each other in three–dimensional analysis. The elements possessed
a longitudinal stiffness described by the parameter kl (which controls the changes of the element
length) and a bending stiffness described by the parameter kb (which controls the changes of the
angle between elements).
In contrast to the lattice method by [39], the model was of a kinematic type, i.e. the calculations
of beam displacements were carried out on the basis of the consideration of successive geometry
changes of elements (which did not posses explicitly any cross–section area) due to translation,
rotation and deformation (normal and bending). Thus, the global stiffness matrix was not built
and the calculation method had a purely explicit character. The displacement of the center of each
beam was calculated as the average displacement of two end nodes belonging to the element from
the previous iteration step:
~i =
∆X

~ iA + ∆X
~ iB
∆X
,
2

(1)

~ A and ∆X
~ B – displacement of the end nodes A and B in the element i, respectively. The
wherein ∆X
i
i
displacement vector of each element node was calculated by averaging the displacements of the end
of elements belonging to this node caused by translation, rotation, normal and bending deformations
(Fig. 2):
~j =
∆X

1 X  ~ j ~ j
Wi + Ri +
n i

P
i



P

1
d0i

i

wherein:
→

∆X j – resultant node displacement,
→

W – node displacement due to the element translation,
→

R – node displacement due to the element rotation,
kl – longitudinal stiffness,
kb – bending stiffness,
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→

D – node displacement due to a change of the element length (induced by the longitudinal stiffness
parameter kl ),
→

B – node displacement due to a change of the rotation angle between elements (induced by the
bending stiffness parameter kb ),
d0i – initial element length,
i – successive element number connected with the node j,
j – node number and
n – number of elements belonging to the node j.
The node displacements were calculated successively during each calculation step beginning first
from beam elements subject to prescribed displacements. Next, the resultant force F in a selected
specimen’s cross-area A is determined (with the aid of corresponding normal strains ε, shear strains
γ, stiffness parameters kl and kb , modulus of elasticity E and shear modulus G):
F =A

X



εkl E + γkb G .

(3)

where the sum is made over all elements that transverse a selected specimen’s cross–section.
For the bending stiffness parameter kb = 0 in Eq. 2, the elements behave as simple bars. An
element was removed from the lattice if the local critical tensile strain εmin was exceeded. All
presented numerical calculations were strain controlled. To perform them, the self-written program
was used.

3

Numerical results (one–phase material)

The 2D calculations with a simplified one–phase brittle material were carried out with the specimen
of the size 100 × 100 mm2 (b × h) composed of 20000 elements distributed non–uniformly (α =
20◦ , s = 0.6g, g ≈ 1.5 mm, rmax = 2g. The minimum element length was about 0.6 mm and the
maximum one was about 3 mm. The modulus of elasticity of all elements was assumed to be
E = 20 GPa. The following strain increments were assumed on the basis of initial calculations:
0.000032% (uniaxial compression) and 0.000004% (uniaxial tension). Smaller strain increments only
insignificantly influenced the results. The computation time with 20000 elements was about 10 hours
using PC 3.6 GHz.
Our lattice model allows us to describe the different Poisson’s ratio ν as a function of the parameter
stiffness ratio p = kb /kl . Figure 4 presents the change of the Poisson’s ratio ν versus p = kb /kl during
uniaxial tension with smooth horizontal edges at the beginning of the deformation process (the
elements were not removed). If the stiffness parameter p = 0.1, the Poisson’s ratio was 0.3. In turn,
if the parameter p > 1, Poisson’s ratio became negative (with the smallest value approximately equal
to ν = −1.0 at p = 10000). The behavior of elements with values of p = kb /kl approaching zero
corresponded obviously to that of bars [25–27].
The effect of the stiffness parameter p = kb /kl on the evolution of the global stress–strain curve
σ–ε (vertical normal stress versus the vertical strain) and crack propagation in a specimen during
uniaxial compression with smooth edges is shown in Figs. 5–6 for εmin = 0.02% (σ = P/b, ε = u2 /h, P
– global vertical force, u2 – vertical displacement of the top edge).
The strength and ductility (ratio between the energy consumed during the fracture process after
and before the peak) increase with increasing stiffness parameter p. The material becomes elastic
for p > 0.6, quasi–brittle for 0.025 > p > 0.01 and brittle for p = 0.001 (ε = 0.3%). In the last
5

case, the vertical global strain corresponding to the material strength is about 0.03%. The cracks are
predominantly vertical (parallel to the loading direction) if p > 0.2 (Fig. 6a). In the case of p < 0.1,
the predominant cracks are more inclined (Figs. 6b and 6c).
The results for uniaxial tension for a specimen with with a small notch at mid–height of the left
side and smooth horizontal edges are demonstrated in Figs. 7, 9a, 10 for the case of εmin = 0.02%. The
material behaves in the elastic–purely brittle way (Fig. 9a). The strength increases with increasing
p, and the brittleness increases with decreasing p (Fig. 7). The overall vertical strain corresponding
to the peak stress values is about 0.005 − 0.007% (thus it is smaller than the local εmin). The crack
pattern practically does not depend on the parameter p (Figs. 9a, 10). The main crack is always
initiated at the notch and then propagates almost horizontally through the specimen.
The ratio of flexural to axial stiffness p has an inverse effect during compressive fracture as the
bending factor α used in a conventional lattice model [28, 39, 44, 48]. The compressive behavior
changes namely from brittle to ductile when p increases (α decreases). During tensile fracture, the
factor p slightly affects the material behavior. However, the effect of α is negligible.
To decrease the material brittleness in calculations (which is too large [46]) in 2D one–phase
material), a non–local approach [5] can be used to calculate strains [27]. In the calculations, the
normal strain in each element was assumed to be non–local:
ε̄k =

P

w(r)ε(xk + r)l cos(α)
,
P
w(r)l cos(α)

(4)

where xk – global coordinates of the element, w – weighting function, r – distance between the
mid–point of the element and the mid–points of other neighboring elements, l – element length and
α – angle between the elements. In general, it is required that the weighting function should not
alter an uniform field which means that it must satisfy the normalizing condition [5]. Therefore, as
a weighting function w(r) in Eq. 4, a Gauss distribution function for 2D problems was used:
w(r) =

r 2
1
√ e−( lc ) ,
lc π

(5)

where the parameter lc is a characteristic length of micro–structure. The averaging in Eq. 4 is
restricted to a small representative area around each material point (the influence of points at the
distance of r = 3lc is only of 0.1%). Figs. 8–9 demonstrate the results for a non–local approach during
uniaxial tension. In the calculations, the different values of lc (lc = 0, 1 × g, 2 × g and 3 × g) were
used. The results show that, the strength, normal strain corresponding to the peak and material
ductility increase with increasing lc .

4

Numerical results (two–phase material)

Figures 10–11 show the effect of aggregates on the fracture behavior of 2D specimens under uniaxial
extension (without interfacial transition zones).
The 2D calculations were carried out with a specimen size of 200 × 200 mm2 (b × h) composed of
180000 elements distributed non–uniformly (α = 20◦ , s = 0.6g, g = 1 mm, rmax = 2g). The minimum
element length was about 0.3 mm and the maximum one was about 2 mm. The moduli of elasticity
were: E = 60 GPa (aggregate) and E = 20 GPa (matrix), respectively [44]. The computation time
was about 15 hours using the processor AMD 4600+.
The ratios between the parameters kl and εmin for the cement matrix and aggregate were assumed
on the basis of ratios between the elastic Young’s moduli and tensile strengths, respectively, assumed
in [44]. One chose pm = kb /kl = 0.7 (with kl = 0.1) and εmin = 0.02% in the cement matrix, and
pa = kb /kl = 0.7 (with kl = 0.3) and εmin = 0.0133% in the aggregate. The particle distribution
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Figure 4: Influence of the ratio between the bending and longitudinal stiffness p = kb /kl on Poisson’s ratio
ν during uniaxial compression with smooth edges (using semi–logarithmic scale)
300
280
260
240
220
200
180
160
140
120
100
80
60
40
20
0

a
b

c
d
e
f
0

0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 0.25
Strain ε22 [%]

Figure 5: Effect of the stiffness ratio p = kb /kl between the bending stiffness and longitudinal stiffness on
the stress–strain curve during uniaxial compression with smooth edges (elements were removed when local
εmin = 0.02%): a) p = 0.6, b) p = 0.3, c) p = 0.06, d) p = 0.025, e) p = 0.01, f) p = 0.001 (σ22 – vertical
normal stress, ε22 – vertical normal strain)
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Figure 6: Effect of the stiffness ratio p = kb /kl between the bending and longitudinal stiffness on the crack
pattern during uniaxial compression with smooth edges (elements were removed when local εmin = 0.02%):
a) p = 0.3, b) p = 0.01, c) p = 0.001
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Figure 7: Effect of the ratio stiffness p = kl /kb on the stress–strain curve during uniaxial extension (elements
were removed when local εmin = 0.02%): a) p=0.3, b) p=0.025, c) p=0.001 (σ22 – vertical normal stress, ε22
– vertical normal strain)
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Figure 8: Effect of the characteristic length on the stress–strain curve (p=0.6, specimen 100 × 100 mm2 ):
a) lc =0 (local approach), b) lc = g, c) lc = 2g, d) lc = 3g (non–local approach, σ22 – vertical normal stress,
ε22 – vertical normal strain)
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Figure 9: Effect of the characteristic length lc on the fracture process (elements were removed when local
εmin = 0.02%, p = 0.6): a) lc = 0 (local approach), b) lc = g , c) lc = 2g, d) lc = 3g (non–local approach)
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Figure 10: 2D specimen subject to uniaxial extension (one–phase material): p = kb /kl = 0.7 (with kl = 0.1)
and local εmin = 0.02%
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Figure 11: 2D specimen subject to uniaxial extension (two–phase material): cement matrix: pm = kb /kl =
0.7 (with kl = 0.1), local εmin = 0.02% and aggregate: pa = kb /kl = 0.7 (with kl = 0.3), local εmin = 0.0133%

curve for aggregate is shown in Fig. 11 with the mean aggregate diameter of d50 = 3.5 mm. The
aggregate volume density was taken as 50%. This 2D density is smaller than the particle density in
real 3D concrete specimen usually equal to 70 − 75%.
The aggregate distribution was generated following the method given in [20]. First, a grading
curve was chosen (Fig. 11). Next, the certain amounts of particles with defined diameters were
generated according to this curve. Finally, the spheres describing aggregates were randomly placed
in the specimen preserving the particle density and a certain mutual minimum distance [44]:
D1 + D 2
,
(6)
2
where D is the distance between two neighboring particle centers and D1 and D2 are the diameters
of these two particles.
The results of the uniaxial tensile test in Fig. 11 show evidently that the presence of only aggregate
(without interfacial zone) does not significantly affect the load–displacement curve which remains
still too brittle as compared to experiments with concrete specimens [46, 47]. The overall vertical
strain ε22 corresponding to the peak is about 4 times smaller than assumed local εmin of cement
matrix and 10 times too large as compared to experiments [46].
D > 1.1
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Table 1: Paramaters used in calculation with three–phase material

Phase
Young’s modulus
Cement matrix
Em = 20 GPa
Aggregate
Ea = 60 GPa
Interface bond
Eb = 14 GPa

5

p = kb /kl
pm = 0.7
pa = 0.7
pb = 0.7

kl
local εmin
0.010 εm = 0.2%
0.030 εa = 0.133%
0.007 εb = 0.05%

Numerical results (three–phase material)

Figures 12–15 present the results with a square concrete specimen considered as a three–phase material. The 2D calculations were carried out mainly with a specimen size of 200 × 200 mm2 (b × h)
composed of 180000 elements distributed non–uniformly (α = 20◦ , s = 0.6g, g = 1 mm, rmax = 2g).
The minimum element length was about 0.3 mm and the maximum one was about 2 mm. The
assumed material parameters are given in Table 1. The interface had the lowest strength. The aggregate density was assumed to be 25% or 50%, respectively. The mean aggregate diameter d50 was
taken as 3.5 mm for the aggregate size of the range 2 − 8 mm and 12 mm for the aggregate size of the
range 2–16 mm. Five simulations were performed for each case. The interfacial zones were added by
assigning different properties to the beams which previously directly connected the aggregate with
cement matrix (Fig. 1).
The strength and pre–peak non–linearity decrease with increasing aggregate density and decreasing mean aggregate diameter. In turn, the material ductility increases when the density increases.
The vertical strain corresponding to the peak increases with decreasing particle density. At the low
particle content, de–bonding occurs extensively near the isolated aggregates (most of fractured elements are in bonds). This micro–cracking is responsible for the non–linear behavior in the pre–peak
part of the stress–strain diagram. Next, after the peak, the fracture process progressively spreads
through the entire specimen in the form of a macro–crack linking de–bonded aggregates in lines. With
increasing number of aggregates, the fraction of bond elements increases and de–bonding prevails.
At the high particle density, percolation of bond zones occurs, and the condition for macro–crack
nucleation and growth occurs early in the loading history. The material becomes significantly weaker
(since the interface strength is the weakest component of the system) and the pre–peak non–linearity
does not appear. Since the amount of aggregates is large, the cracks cannot propagate in long lines.
Instead of this, several discontinuous macro–cracks propagate in a tortuous manner. The cracks
overlap and form branches. As a result, the material ductility grows after the peak. All curves
with consideration of interfacial transition zones resemble qualitatively the experimental curves for
real concrete [46]. The uniaxial tensile strength changes between 0.7 − 1.7 MPa. The scatter of the
material strength increases with decreasing particle density due to the larger possibility at the choice
of the propagation way. The vertical strain ε22 corresponding to the peak varies between 0.02–0.06%.
Finally, Figures 16–18 show a deterministic size effect during uniaxial tension (with the grading
curve of Fig. 12). Several numerical simulations were carrried out with two different rectangular
concrete specimens: 10 × 10 cm2 and 20 × 20 cm2 using the same beam distribution. The results
show that the material strength and ductility increase with decreasing specimen size (as in the
experiments (Fig. 17)) while the crack pattern remains similar (Fig. 18). In turn, the fracture energy
decreases.
The obtained outcomes from numerical experiments for uniaxial tension are qualitatively in agreement with numerical solutions given in [28, 45, 46].
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Figure 12: 2D concrete specimen subject to uniaxial extension (three–phase material), aggregate area percentage 50%, d50 = 3.5 mm, material parameters as in Table 1 (σ22 – vertical normal stress, ε22 – vertical
normal strain)
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Figure 13: 2D concrete specimen subject to uniaxial extension (three–phase material) aggregate area percentage 50%, d50 = 12 mm, material parameters as in Table 1
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Figure 14: 2D concrete specimen subject to uniaxial extension (three–phase material) aggregate area percentage 25%, d50 = 3.5 mm, material parameters as in Table 1
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Figure 15: 2D concrete specimen subject to uniaxial extension (three–phase material) aggregate area percentage 25%, d50 = 12 mm, material parameters as in Table 1
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Figure 16: Deterministic size effect for 2D concrete specimens subject to uniaxial extension with sizes
10 × 10 cm2 and 20 × 20 cm2 , aggregate area percentage 50%, d50 = 3.5 mm, material parameters as in
Table 1

Figure 17: Experimental force-deformation diagram for 3 different dog-bone shaped specimens h × b: A)
75 × 50 mm2 , B) 150 × 75 mm2 , C) 300 × 200 mm2 [46] (h - height, b - width)
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Figure 18: Fracture in 2 concrete specimens of different size (20 × 20 cm2 and 10 × 10 cm2 )
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Conclusion

The lattice model is a simple approach to the fracture behavior in heterogeneous quasi–brittle materials. It is very useful in studying and understanding the phenomenon of the crack formation and
crack propagation during uniaxial tension since it can reproduce fracture processes observed in real
laboratory experiments. Owing to this, novel (stronger and better) engineering materials can be
developed. By using an elastic–purely brittle local fracture law at the particle level of the material,
global softening behavior is obtained. The heterogeneous 2D–lattice model for concrete used in the
paper requires 4 material parameters (kl , kb , E, εmin) for each phase and 4 grid parameters (g, s, α
and rmax ) related to the distribution, quantity and length of beam elements. The obtained results of
crack patterns and stress–strain curves for a three–phase concrete material during uniaxial tension
are qualitatively in agreement with experimental ones for concrete, and compare quite well with
results published in [28, 45, 46].
The material composition has a significant effect on the material behavior, in particular the
particle density and distribution of weak bond zones. The strength and pre–peak non–linearity
decrease with increasing aggregate density and decreasing mean aggregate diameter during uniaxial
tension. The material ductility increases when the aggregate density increases. The vertical strain
corresponding to the peak increases with decreasing particle density. At the low particle content
debonding occurs extensively near the isolated aggregates. At the high particle density, percolation
of bond zones occurs, and the condition for macro–crack nucleation and growth occurs. The pre–peak
non–linearity cannot be ignored at low particle density. The macro–crack process occurs before the
maximum load.
The simulations of a deterministic size effect show a decrease of nominal strength with increasing
specimen size as well as an increase of fracture energy with size.
The brittleness in one–phase material can be decreased by using a non–local approach when
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calculating strain.
If no bond phase is included, the material strength and material ductility do not depend on the
particle density.
The calculations with a lattice model will be continued. First, the model will be extended into
3D. Due to the fact that a realistic aggregate distribution is an essential factor in simulations, the
material heterogeneity will be assumed on the basis of digital images of a real concrete specimen.
The material parameters for three different phases (kl , kb and εmin) will be identified on the basis
of comparisons of numerical simulations with different experiments involving strain localization in
concrete elements (e.g. bending of notched beams). Second, a multiscale model will be used linking
the lattice model with the continuum elasto-plastic model with non-local softening [8, 10] wherein
the first model will be only restricted to the damaged part of the structure.
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[32] H. Mühlhaus and E. C. Aifantis. A variational principle for gradient plasticity. Int. J. Solids
Structures, 28:845–858, 1991.
[33] R. Palaniswamy and S. P. Shah. Fracture and stress-strain relationship of concrete under triaxial
compression. ASCE Journal of Engineering Mechanics, 100:901–916, 1974.
[34] J. Pamin. Gradient-enchanced continuum models: formulation, discretization and applications,
habilitation monograph. Cracow University of Technology, 2004.
[35] J. Pamin and R. de Borst. Simulation of crack spacing using a reinforced concrete model with
an internal length parameter. Arch. App. Mech., 68(9):613–625, 1998.
[36] R. H. Peerlings, R. de Borst, W. A. M. Brekelmans, and M. G. D. Geers. Gradient enhanced
damage modelling of concrete fracture. Mechanics of Cohesive-Frictional Materials, 3:323–342,
1998.
[37] S. Pietruszczak, J. Jiang, and F. A. Mirza. An elastoplastic constitutve model for concrete. Int.
J. Solids Structures, 24(7):705–722, 1988.
[38] G. Pijaudier-Cabot and Z. Bazant. Nonlocal damage theory. ASCE Journal of Engineering
Mechanics, 113:1512–1533, 1987.
[39] E. Schlangen and E. J. Garboczi. Fracture simulations of concrete using lattice models: computational aspects. Engineering Fracture Mechanics, 57:319–332, 1997.
[40] A. Simone and L. Sluys. Continous-discountinous modeling of mode-i and mode-ii failure.
Modelling of Cohesive-Frictional Materials (eds.: P.A. Vermeer, W. Ehlers, H. J. Herrmann
and E. Ramm) Balkema, pages 323–337, 2004.
[41] L. Sluys. Wave propagation, localisation and dispersion in softening solids. phd thesis. Delft
University of Technology, 1992.
[42] L. Sluys and R. de Borst. Dispersive properties of gradient and rate-dependent media. Mech.
Mater., 183:131–149, 1994.
[43] K. Tajima and N. Shirai. Numerical prediction of crack width in reinforced concrete beams by
particle model. Computational Modelling of Concrete Structures, EURO-C (eds.: G. Meschke,
R. de Borst, H. Mang and N. Bicanic), Taylor anf Francis, pages 221–230, 2006.
[44] J. G. M. van Mier, E. Schlangen, and A. Vervuurt. Lattice type fracture models for concrete.
Continuum Models for Materials with Microstructure, H.B. Mühlhaus, ed., John Wiley & Sons,
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