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Abstract.

In this contribution, a systematic approach to the calibration of particle models, i.e.
characterizing a relationship between microscopic (defined on the level of individual inter-
particle bonds) and macroscopic parameters is presented. The procedure is based on
simulations of basic cells with periodic boundary conditions (PBC). Firstly, a calibration
for elastic properties is explained. A very good agreement between the results of static
FEM simulations, quasi-static DEM simulations and theoretical formulas motivated by
the microplane theory is found.

Then, basic ideas of calibration of inelastic parameters using PBC are explained on
the simple case of uniaxial tension. The dependence of the results on the periodic cell
orientation with respect to the localized process zone (that typically occurs in the post-
peak range) is studied and the influence of the particle and cell size is covered as well.
The gained knowledge is then applied in simulations of material failure under uniaxial
compression and multiaxial loading. To demonstrate the applicability of the described
method, the plane stress failure envelope for the investigated model is constructed for
different combinations of microscopic parameters.

1
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1 INTRODUCTION

Particle-based (or discrete) methods (for example the discrete element method - DEM)
are modern tools for numerical simulations, which can be used across many engineering
and scientific branches and often beat the most widely used numerical approach – the
finite element method (FEM). The discrete methods were originally developed for soil
mechanics [1], but nowadays their applications cover structural mechanics [2], fracture
analyses [3], impact analyses [4] etc.

In DEM, the studied problem is discretized by discrete elements (e.g. particles), which
are mutually connected by deformable bonds. “Microscopic” constitutive parameters of
these bonds (e.g. stiffness, strength etc.) influence the behavior of the whole model on
the macroscopic scale and the choice of a proper constitutive law and of values of micro-
parameters play the key role in the resulting model quality. The micro-parameters are
usually identified (calibrated) using some kind of optimization (from the easiest trial-and-
error method to sophisticated sensitivity analysis [5]) such that the macroscopic behavior
of the model corresponds to the actual behavior (e.g. to the experimentally observed one)
as closely as possible.

The topic of DEM calibration was studied by many authors [5, 6, 7, 8], but only a few
of them used periodic boundary conditions [9] and, according to our knowledge, there is
no study of PBC in combination with post-peak behavior and strain localization. Results
of elastic homogenization with PBC lie between bounds evaluated from kinematic and
static boundary conditions. In inelastic calibration, using PBC can reduce (unreal) local
stress concentrations when applying prescribed displacement or force on certain particles.

In section 2 the chosen particle model is described. Note that the proposed calibra-
tion method is applicable to any kind of discrete model. The PBC in context of both
DEM and FEM are presented in section 3. Section 4 describes calibration of elastic and
inelastic parameters. The effect of mutual orientation of load and periodic cell (causing
the direction of strain localization zone in post-peak range) is demonstrated on a simple
case of uniaxial tension and observed facts are used and verified on other loading cases.
The results are presented in section 5. To demonstrate the applicability of the described
method, the plane stress failure envelope for the investigated model is constructed for
different combinations of microscopic parameters.

For DEM simulation we used the open-source software YADE [10] and for FEM simu-
lation the open-source software OOFEM [11].

2 INVESTIGATED PARTICLE MODEL

The model used for calibration in this contribution consists of rigid spherical particles
with uniform radius r. The initial spheres packing is random close created in YADE with
dynamic compaction followed by relaxation. Figure 1 shows a very good quality of such
packings in terms of packing fraction and bond direction distribution.

Initially, particles whose center distance l is less than 2rIr (where Ir is the so-called
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Figure 1: Properties of random close packings: packing fraction for different number of particles (a) and
bonds direction distribution for packing with 2278 particles and 16582 bonds (b).

interaction ratio) are connected. Each particle has 6 degrees of freedom (DOFs) – three
displacements and three rotations. Each bond is characterized by its length l, unit normal
vector n, cross-section area A = πr2 and internal forces f .
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Figure 2: 2D representation of bond elastic stiffness (a) and bond displacement (b), and example of
particle assembly (c) and and bond network (d).

Bonds in our model have normal and shear (or transversal) elastic fictitious material
stiffness Eb and Gb [Pa] and normal and shear bond stiffness kN = EbA/l and kT = GbA/l
[N/m] (see fig. 2). In tension we used a bilinear damage mechanics law and in shear a
Mohr-Coulomb-like plastic model (see fig. 3). Our simple model has 6 parameters that
need to be calibrated, see table 1.

3 PERIODIC BOUNDARY CONDITIONS

Consider a periodic cell as a block filled with a periodic assembly of particles and
bonds. Periodicity means that this cell (as well as all its particles and bonds and all their
properties – velocity, stress, damage etc.) is surrounded by identical cells shifted along
the cell edges, see fig. 4. For both studied methods (static FEM and dynamic DEM) there
are special procedures how to incorporate PBC.
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Table 1: Model parameters.

Symbol Description Units

Eb Bond fictitious material normal stiffness Pa
Gb Bond fictitious material shear stiffness Pa
ε0 Limit elastic tensile strain -
εf Tensile strain when the bond is fully broken -
c0 Initial shear bond cohesion Pa
ϕ Bond internal friction angle rad

σN

σN

1

Eb

ε0 εf

εN

σT

c0

Figure 3: Considered constitutive law.

3.1 Static FEM solution

The linear part of the described model (including PBC) has been implemented into
OOFEM with special nodes representing particles and special finite elements representing
bonds. Each particle P has a displacement vector uP . Merging the displacement vectors
of connected particles, a bond (element) displacement vector u is constructed and the
element strain ε can be computed as

ε = Bu, (1)

where B is element geometric (strain-displacement) matrix. In general, the element stiff-
ness matrix Ke is defined in terms of B and material stiffness matrix D as

Ke =
1

l
BTDB. (2)

The global stiffness matrix is assembled from particular stiffness matrices of all ele-
ments. The implementation of the PBC is analogous to [3]. Consider an element con-
necting one particle inside the cell with another particle physically located in one of
the neighboring cells (J ′K and its periodic image JK ′ in fig. 4). PBC are imposed by
the set of constraint equations that contain the components of macroscopic deformation
E = {Ex, Ey, Ez, Eyz, Ezx, Exy}

T. For instance, for link JK ′ and for x components we
write

uK ′ = uK + ExkxC + ExykyC, φxK ′ = φxK . (3)

C is the dimension of the cubic periodic cell, constants k have values -1, 0 or 1 and
specify the position of the particle outside the cell according to the relation (again only
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Figure 4: 2D representation of periodic cells (a) and 2D representation of cell transformation (b).

for x direction)
xK ′ = xK + kxC. (4)

Using equations (3) and (4), the displacement of connected particles K and J ′ (periodic
image of particle J) can be written in terms of the displacements of particles J and K
and the macro-deformation E as

{

uK

uJ ′

}

= P







uK

uJ

E







. (5)

Using the periodic transformation matrix P, the modified stiffness matrix of the “pe-
riodic” elements can be expressed in the form

Ke =
1

l
PTBTDBP. (6)

The components of macro-deformation E are therefore considered as global degrees of
freedom. The corresponding “load” components are directly related to the macro-stress
(they are equal to the stress components multiplied by the volume of the cell). To prevent
displacement of the assembly as a rigid body, one particle needs to be “supported” by
setting its three displacements to zero.

3.2 Dynamic DEM solution

The PBC for DEM are implemented in YADE. The periodic simulation is governed
by the shape of periodic cell. We can modify the periodic cell via its 3x3 transformation
matrix T (identity matrix initially) in two basic ways: rotation (when no strain occurs)
and deformation (normal or shear strain without rotation), see fig. 4. At the beginning of
our simulation, the cell is rotated to the requested position. The computational procedure
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in a generic k-th step of simulation is as follows: First, the polar decomposition [12]

Tk = UH (7)

is performed on T. U is an orthogonal matrix and H is a positive semi-definite symmetric
matrix. Apart from this mathematical definition, polar decomposition has a straightfor-
ward geometric meaning: U represents rigid body rotation and H is related to the shape
change. In terms of infinitesimal strain theory, the strain E is obtained as

E = T− I, (8)

where I is the identity matrix. Another definition of strain (e.g. logarithmic) could be
incorporated.

The prescribed strain increment (in global coordinates) ∆E is then appropriately ro-
tated to cell’s local coordinates and added to the shape matrix H. Afterwards, the new
value of T is composed from U and new H:

Tk = UH, Tk+1 = U
(

H+UT∆EU
)

(9)

Prescribed strain components can be directly applied via the cell’s shape change. However,
stress cannot be prescribed directly. Therefore, we developed a special strain predictor,
which considers the values of stress and strain in a few last steps and predicts the strain
value for the next step such that the value of stress is as close as possible to the prescribed
one, see [10] for more details. The stress is computed according to [13] as

σ =
1

V

∑

b∈V

l[NfN +TT · fT ], N = n⊗ n, TT = Isym · n− n⊗ n⊗ n

TT · fT = Isym : (n⊗ fT )− n⊗ n⊗�
�
��:

0
n · fT (10)

σ =
1

V

∑

b∈V

l

[

fNn⊗ n+
1

2
(n⊗ fT + fT ⊗ n)

]

V is the cell volume, n is the bond unit normal vector, fN and fT are the normal and shear
internal forces (n and fT are perpendicular, therefore n · fT = 0), N and T are projection
tensors and Isym is the fourth-order symmetric unit tensor. The sum is performed over
all bonds b of the cell.

4 CALIBRATION

4.1 Elastic parameters

To obtain elastic macro-parameters numerically, from the structural response to a
prescribed boundary displacement (under this constraint the elastic potential energy is
not minimal and the response is stiffer than the real one) or to a prescribed boundary
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force load (under this constraint the complementary elastic energy is not minimal and
the response is softer than the real one), we can estimate the upper and lower stiffness
bounds, respectively. PBC are a compromise between these two bounds and in general
leads to better results [9].

A column of the macroscopic elastic stiffness (or compliance) matrix is equal to the
macroscopic stress (or strain) caused by macroscopic strain (or stress) with unit value of
investigated component and zero values of all other components. This method was used
for both FEM and DEM simulations.

Theoretical analytical solution presented in [13] derived from prescribed macroscopic
uniform deformation yields an upper bound estimation of elastic stiffness tensor

D =
1

V

∑

b∈V

AL
(

EbN⊗N+GbT
T ·T

)

(11)

Dijkl =
1

V

∑

b∈V

AL

[

(Eb −Gb)ninjnknl +
1

4
(ninlδjk + ninkδjl + njnlδik + njnkδil)

]

(12)

Under the assumption of uniform probability of bond direction distribution, the following
estimates of elastic constants (Young’s modulus E and Poisson’s ratio ν) can be derived
(see [13] for more details):

E = Eb

∑

b∈V AL

V

2 + 3Gb

Eb

4 + Gb

Eb

, ν =
Eb −Gb

4Eb +Gb

(13)

4.2 Inelastic parameters

PBC are also useful for calibration of inelastic parameters, usually ultimate stress/strain
and shape of stress-strain (or force-displacement) diagram under specific load conditions
(typically uniaxial tension or compression). For the case of uniaxial tension, a problem
can arise when applying prescribed stress/strain on opposite “faces” of a specimen. If
the sphere packing of the face is regular, the transition of regular to irregular (random)
particle structure is usually broken and damaged first, before the “real structure” can be
investigated. Another possibility would be to cut a plane from random packing and fix
some particles up to a given distance from the face, but this can lead to stress concentra-
tion at the transition of fixed and unfixed particles and devaluation of simulation results.
For this reason, the periodic boundary conditions seem to be suitable solution.

However, all that glitters is not gold. In the calibration with the help of PBC, we
have to pay attention to the cell orientation with respect to the load, especially if strain
localization occurs. In general, there exists an “optimal” orientation of the periodic cell,
where the localized zone is parallel to the cell surface or is crossing the cell from one
corner to another. For the simple case of uniaxial tension, the optimal orientation is zero.
Then the localization zone (crack) has the minimal area (and is only one) and the minimal
amount of energy is needed to split the cell. For other orientations, the periodic boundary
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conditions force the crack crossing the cell boundary to continue at the periodic image
of the cross point on another cell edge (see fig. 5). The crack is then longer than in the
ideal case, more energy is needed for its propagation and the behavior of the cell is more
ductile (see fig. 8). Notice the same behavior in pre-peak (elastic) range and different
behaviors in post-peak (inelastic) range. The most ductile response is exhibited by a cell
rotated by about 30◦, the most fragile (as expected) by an unrotated cell. Results for 45◦

lie in between, see fig. 5 for illustrative example.

Figure 5: Different localization zone using PBC for uniaxial tension in horizontal direction

In a general calibration procedure, the most brittle (optimal) cell position has to be
found numerically and its behavior is considered as the real one (unaffected by periodic
boundary conditions).

5 RESULTS

The results of elastic calibration are summarized in figures 6 and 7, showing numerical
and analytical values of Young’s modulus E and Poisson’s ratio ν for different interaction
ratios. The numerical results of static FEM and quasi-static DEM simulations are indis-
tinguishable from each other. The same fact can be observed for the analytical solution
according to equations (11) and (13). For higher interaction ratios, the agreement be-
tween analytical and numerical solution is better and the analytical solution was verified
to be the upper stiffness bound.

The elastic numerical simulations also verified that for a sufficient number of particles
the model with random close packing is macroscopically isotropic and the results are
rotationally invariant (the deviations get smaller for a higher number of used particles).
The elastic results are size-independent.

For the inelastic part of calibration, we firstly verified our strain predictor, then the
“quasi-staticity” of simulations and finally the post-peak results dependency on the cell
orientation, see fig. 8. For the case of uniaxial tension, the most brittle (“optimal”)
behavior is obtained for a non-rotated cell.

Since the model exhibits strain localization, we can expect size effect phenomena.
Similarly to pathological mesh size dependence in FEM, when the cell is cracked, the
strain is localized into one layer of “elements” (bonds), while the rest of the cell is being
unloaded. For a larger cell, the width of the localized area is relatively smaller and
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Figure 6: Ratio of macroscopic and bond Young’s moduli E/Eb as a function of Gb/Eb ratio.
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Figure 7: Poisson’s ratio ν as a function of Gb/Eb ratio.

the resulting post-peak behavior is more brittle. This is shown in fig. 9 (almost no
influence of the cell size on the elastic branch of the diagram and on the strength, but a
significant influence on the post-peak behavior). Thus the microscopic parameters should
be calibrated with respect to both particle (r) and cell (C) size. As seen in fig. 9, the
results are influenced by the relative size of particles with respect to the cell size rather
than by the absolute particle size.

For the case of uniaxial compression, the most fragile behavior occurs approximately
for a rotation between 20◦ and 30◦ and for simple shear near 45◦.

An important fact for all the studied cases is that the pre-peak (elastic) response is the
same for all orientations (verifying isotropy of the model) and the strength (maximum
reached stress) is also almost identical for all cases. Under this assumption, the plane
stress failure envelope is constructed for different material parameters in fig. 10.

9
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Figure 8: Verification of strain predictor (a), “quasi-staticity” (results are for constant final strain and
different number of time steps) (b) and results dependency on cell orientation under uniaxial tension (c).
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Figure 9: Results for uniaxial tension with different particle and cell sizes (a), uniaxial compression (b)
and simple shear (c).

6 CONCLUSION

A systematic calibration method for discrete models with the help of periodic boundary
conditions was presented. This method is applicable to any type of particle model and
for both elastic and inelastic material parameters identification. The periodic boundary
conditions have a positive influence on the results in the elastic range (it is a compromise
between kinematic and static conditions).

In the case of inelastic calibration, PBC can reduce local stresses due to force or
displacement prescribed on certain particles. A special attention has to be paid to the cell
orientation with respect to the load. For realistic results, the optimal orientation (without
negative effects of PBC) has to be found and the parameters should be calibrated on such
an orientation. This orientation is parameter-dependent, so by changing the parameters
to be optimized, the optimal calibration orientation can be changed as well.
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Figure 10: Figures of plane stress failure envelopes for different material parameters.
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